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Abstract
We suggest that the vacuum field equation in Finsler spacetime is equivalent to vanishing of Ricci
scalar. Schwarzschild metric can be deduced from a solution of our field equation if the spacetime
preserve spherical symmetry. Supposing spacetime to preserve the symmetry of “Finslerian sphere”,
we find a non-Riemannian exact solution of the Finslerian vacuum field equation. The solution
is similar to the Schwarzschild metric. It reduces to Schwarzschild metric while the Finslerian
parameter ǫ vanishes. It is proved that the Finslerian covariant derivative of the geometrical
part of the gravitational field equation is conserved. The interior solution is also given. We get
solutions of geodesic equation in such a Schwarzschild-like spacetime, and show that the geodesic
equation returns to the counterpart in Newton’s gravity at weak field approximation. The celestial
observations give constraint on the Finslerian parameter ǫ < 10−4. And the recent Michelson-
Morley experiment requires ǫ < 10−16. The counterpart of Birkhoff’s theorem exist in Finslerian
vacuum. It shows that the Finslerian gravitational field with the symmetry of “Finslerian sphere”
in vacuum must be static.
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I. INTRODUCTION
In 1912, Einstein proposed his famous general relativity which gives the connection be-
tween Riemann geometry and gravitation. In general relativity, the effects of gravitation are
ascribed to spacetime curvature instead of a force. In four dimensional spacetime, two solu-
tions of the Einstein vacuum field equation are well known [1]. These are the Schwarzschild
solution which preserves spherical symmetry, and the Kerr solution which preserves axial
symmetry. The Schwarzschild solution is of vital importance for general relativity. The
physics of Schwarzschild solution is quite different from Newton’s gravity. The success of
general relativity attribute to the four classical tests [2]. The predictions of the four classical
tests directly come from the Schwarzschild solution. Most celestial bodies can be approxi-
mately treated as a sphere. Thus, the Schwarzschild solution is widely used in investigating
the astronomical phenomena. However, the recent astronomical observations show that the
gravitational field of galaxy clusters offset from its baryonic matters [3]. It implies that the
spherical symmetry may not preserve in the scale of galaxy clusters.
Finsler geometry [4] is a new geometry which involves Riemann geometry as its special
case. S. S. Chern pointed out that Finsler geometry is just Riemann geometry without
quadratic restriction, in his Notices of AMS. The symmetry of spacetime is described by
the isometric group. The generators of isometric group are directly connected with the
Killing vectors. It is well known that the isometric group is a Lie group in Riemannian
manifold. This fact also holds in Finslerian manifold [5]. Generally, Finsler spacetime admits
less Killing vectors than Riemann spacetime does [6]. The numbers of independent Killing
vectors of an n dimensional non-Riemannian Finsler spacetime should no more than n(n−1)
2
+1
[7]. The causal structure of Finsler spacetime is determined by the vanish of Finslerian length
[8]. And the speed of light is modified. It has been shown that the translation symmetry is
preserved in flat Finsler spacetime [6]. Thus, the energy and momentum are well defined in
Finsler spacetime. In flat Finsler spacetime, inertial motion preserves the Finslerian length
and admits a modified dispersion relation.
Lorentz invariance (LI) is one of the foundations of the Standard model of particle physics.
Of course, it is very interesting to test the fate of the LI both on experiments and theories.
The theoretical approach of investigating the LI violation is studying the possible spacetime
symmetry, and erecting some counterparts of special relativity. Recently, there are a few
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counterparts of special relativity. The first one is doubly special relativity (DSR)[9–11].
In DSR, the Planck-scale effects have been taken into account by introducing an invariant
Planckin parameter. Together with the speed of light, DSR has two invariant parameters.
The second one is very special relativity (VSR) [12]. Coleman and Glashow have set up a
perturbative framework for investigating possible departures of local quantum field theory
from LI. The symmetry group of VSR is some certain subgroups of Poincare group, which
contains the spacetime translations and proper subgroups of Lorentz transformations. Gib-
bons et al. [13] have pointed out that Glashow’s VSR is Finsler Geometry. Generally, the
flat Finsler spacetime breaks the Lorentz symmetry. Thus, it is a possible mechanism of
Lorentz violation [14].
The standard cosmological model, i.e., the ΛCDM model [15, 16] has been well estab-
lished. It is consistent with several precise astronomical observations that involve Wilkinson
Microwave Anisotropy Probe (WMAP) [17], Planck satellite [18], Supernovae Cosmology
Project [19]. One of the most important and basic assumptions of the ΛCDM model states
that the universe is homogeneous and isotropic on large scales. However, such a principle
faces challenges [20]. The Union2 SnIa data hint that the universe has a preferred direction
(l, b) = (309◦, 18◦) in galactic coordinate system [21]. Toward this direction, the universe
has the maximum expansion velocity. Astronomical observations [22] found that the dipole
moment of the peculiar velocity field on the direction (l, b) = (287◦±9◦, 8◦±6◦) in the scale
of 50h−1Mpc has a magnitude 407±81km·s−1. This peculiar velocity is much larger than the
value 110km · s−1 given by WMAP5 [23]. The recent released data of Planck Collaboration
show deviations from isotropy with a level of significance (∼ 3σ) [24]. Planck Collaboration
confirms asymmetry of the power spectrums between two preferred opposite hemispheres.
These facts hint that the universe may have a preferred direction.
Many models have been proposed to resolve the asymmetric anomaly of the astronomi-
cal observations. An incomplete and succinct list includes: an imperfect fluid dark energy
[25], local void scenario [26, 27], noncommutative spacetime effect [28], anisotropic curva-
ture in cosmology [29], and Finsler gravity scenario [30]. Instead of Minkowski spacetime,
Finsler spacetime involves a preferred direction. It is a natural candidate for describing the
cosmological anisotropy.
Both the ΛCDM model and particle standard model require no variation of fundamental
physical constants in principle, such as fine structure constant α = e2/~c. Recently, the
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observations on quasar absorption spectra show that the fine structure constant varies at
cosmological scale [31]. Furthermore, in high redshift region (z > 1.6), they have shown that
the variation of α is well represented by an angular dipole model pointing in the direction
(l, b) = (330◦,−15◦) with level of significance (∼ 4.2σ). Mariano and Perivolaropoulos [32]
have shown that the dipole of α is anomalously aligned with corresponding dark energy
dipole obtained through the Union2 sample. One direct reason of the variation of α is the
variation of the speed of light. Finsler geometry, as a natural tool for investigating both the
cosmological preferred direction and Lorentz violations, may be also referred as a natural
framework to describe the dipole structure of fine structure constant. Models [33–35] based
on Finsler spacetime have been developed to study the cosmological preferred direction.
The counterpart of special relativity has been established in flat Finsler spacetime. How-
ever, up to now, Finslerian gravity is still to be completed. There are types of gravitational
field equation in Finsler spacetime [36–39]. Models have been built to study the gravitational
theory that constructed on Finsler spacetime. Stavrinos et al. [34, 40] used the method of
osculating Riemannian space to study the cosmological anisotropy in Finsler spacetime.
Vacaru et al. studied high dimensional gravity in Finsler spacetime [41]. Pfeifer et al. [42]
have constructed gravitational dynamics for Finsler spacetimes in terms of an action integral
on the unit tangent bundle. However, these equations (or models) are not equivalent to each
other. Here are the reasons. It is well known that there is only a torsion free connection-
the Christoffel connection in Riemann geometry. However, there are types of connection in
Finsler geometry. Therefore, the covariant derivatives that depend on the connection are
different. The Finslerian length element F is constructed on a tangent bundle [4]. Thus,
the gravitational field equation should be constructed on the tangent bundle in principle.
However, the corresponded energy-momentum tensor, which should be constructed on the
tangent bundle, is rather obscure in physics.
The analogy between geodesic deviation equations in Finsler spacetime and Riemann
spacetime gives the vacuum field equation in Finsler gravity [43]. It is the vanishing of
Ricci scalar. The vanishing of the Ricci scalar implies that the geodesic rays are parallel to
each other. The geometric invariant property of Ricci scalar implies that the vacuum field
equation is insensitive to the connection, which is an essential physical requirement. In this
paper, we present an exact solution of the vacuum field equation in Finsler spacetime. The
interior solution is also shown.
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This paper is organized as follows. Sec.II is divided into two subsections. In subsection
A, we briefly introduce some basic geometric objects in Finsler geometry. And we show the
symmetry of flat Finsler spacetime. The spherical symmetry can be represented by metric of
Riemannian sphere. In subsection B, we introduce “Finslerian sphere” that is a counterpart
of Riemannian sphere. Sec.III is divided into four subsections. In subsection A, we introduce
vacuum field equation in Finsler spacetime by analogizing geodesic deviation equation in
Finsler spacetime and one in Riemann spacetime. In subsection B, we present an exact
solution of the vacuum field equation in Finsler spacetime. In subsection C, we investigate
the Newtonian limit of our solution. In subsection D, we show boundary conditions of
the vacuum field equation. It will distinguish Schwarzschild solution from our solution. In
Sec.IV, we propose a gravitational field equation with source. We prove that the Finslerian
covariant derivative of the geometrical part of the gravitational field equation is conserved.
Then, an interior solution of gravitational field equation is shown. In Sec.V, we investigate
experimental constraint on the Schwarzschild-like spacetime that is given in Sec. III. Particle
motion is shown in subsection A. We get three solutions of geodesic equations. In solar
system, experimental constraints on our Finslerian parameter is given in subsection B. In
Sec.VI, we show counterpart of the Birkhoff’s theorem. It states that Finslerian gravitational
field with the symmetry of “Finslerian sphere” in vacuum must be static. Conclusions and
remarks are given in Sec. VII.
II. SYMMETRY OF FINSLER SPACETIME
A. Killing vectors
Instead of defining an inner product structure over the tangent bundle in Riemann ge-
ometry, Finsler geometry is based on the so called Finsler structure F with the property
F (x, λy) = λF (x, y) for all λ > 0, where x ∈ M represents position and y ≡ dx
dτ
represents
velocity. The Finslerian metric is given as[4]
gµν ≡
∂
∂yµ
∂
∂yν
(
1
2
F 2
)
. (1)
In physics, the Finsler structure F is not positive-definite at every point of Finsler manifold.
We focus on investigating Finsler spacetime with Lorentz signature. A positive, zero and
negative F correspond to time-like, null and space-like curves, respectively. For massless
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particles, the stipulation is F = 0. Two types of Finsler space should be noticed. One is
the Riemann space. A Finslerian metric is said to be Riemannian, if F 2 is quadratic in y.
Another is Randers spacetime [44]. It is given as
F (x, y) ≡ α(x, y) + β(x, y), (2)
where
α(x, y) ≡
√
a˜µν(x)yµyν , (3)
β(x, y) ≡ b˜µ(x)y
µ, (4)
and a˜ij is Riemannian metric. Throughout this paper, the indices are lowered and raised by
gµν and its inverse matrix g
µν . And the objects that decorate with a tilde are lowered and
raised by a˜µν and its inverse matrix a˜
µν .
To investigate the Killing vectors, we should construct the isometric transformations
of Finsler structure. It is convenient to discuss the isometric transformations under an
infinitesimal coordinate transformation for x
x¯µ = xµ + ǫV˜ µ, (5)
together with a corresponding transformation for y
y¯µ = yµ + ǫ
∂V˜ µ
∂xν
yν, (6)
where |ǫ| ≪ 1. Under the coordinate transformation (5) and (6), to first order in |ǫ|, we
obtain the expansion of the Finsler structure,
F¯ (x¯, y¯) = F¯ (x, y) + ǫV˜ µ
∂F
∂xµ
+ ǫyν
∂V˜ µ
∂xν
∂F
∂yµ
, (7)
where F¯ (x¯, y¯) should equal to F (x, y). Under the transformation (5) and (6), a Finsler
structure is called isometry if and only if
F (x, y) = F¯ (x, y). (8)
Deducing from the (7), we obtain the Killing equation KV (F ) in Finsler space
KV (F ) ≡ V˜
µ ∂F
∂xµ
+ yν
∂V˜ µ
∂xν
∂F
∂yµ
= 0. (9)
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Plugging the length element of Randers spacetime (2) into the Killing equation (10), and
noticing that the rational and irrational parts of Killing equation are independent, we obtain
that
V˜µ|ν + V˜ν|µ = 0, (10)
V˜ µ
∂b˜ν
∂xµ
+ b˜µ
∂V˜ µ
∂xν
= 0, (11)
where “|” denotes the covariant derivative with respect to the Riemannian metric α. These
equations (10,11) are equivalent to the statements that LV α = 0 and LV β = 0, respectively,
where α is the obvious Riemannian metric and β is the one form. Here LV is the Lie
derivative along V. It is obvious that Killing equation (10) is the same as the Riemannian
one. But, the other Killing equation (11) obtained constrains the first one (10). Thus, the
number of independent killing vectors in Randers-Finsler spacetime (2) is less than the one
in Riemannian spacetime α [6].
The geodesic equation for Finsler manifold is given as
d2xµ
dτ 2
+ 2Gµ = 0, (12)
where
Gµ =
1
4
gµν
(
∂2F 2
∂xλ∂yν
yλ −
∂F 2
∂xν
)
(13)
is called geodesic spray coefficients. It can be proved from the geodesic equation (12) that
the Finslerian structure F
(
x, dx
dτ
)
is constant along the geodesic.
A Finsler metric is said to be locally Minkowskian if at every point, there is a local
coordinate system, such that F = F (y) is independent of the position x [4]. It can be
proved that all types of curvature tensors vanish in locally Minkowskian spacetime. Thus,
the locally Minkowskian spacetime is flat Finsler spacetime. The momentum in flat Finsler
spacetime are defined as pµ ≡ mdx
µ
dτ
. Since the Finsler structure F does not depend on x, it
is clear from the geodesic equation that dp
µ
dτ
= 0. Therefore, momentum pµ are conserved in
flat Finsler spacetime. The dispersion relation of flat Finsler spacetime is given as
ηµν(p)p
µpν = m2. (14)
One should notice that the ηµν(p) is not a constant in flat Finsler spacetime. For example,
in flat Randers spacetime, its dispersion relation is given as
√
η˜µνpµpν + b˜ρp
ρ = m, (15)
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where η˜µν is Minkowski metric. The flat Finsler spacetime not only give modified dispersion
relation that plays the role of testing Lorentz invariance, but also is taken as boundary
condition to solve the gravitational field equation in Finsler spacetime.
B. Two dimensional Finsler space with constant flag curvature
In general relativity, the Schwarzschild metric preserves spherical symmetry. In Riemann
geometry, at a fixed radial coordinate r, if the metric is of the form
FRS =
√
(yθ)2 + sin θ(yϕ)2, (16)
then, we call it possesses spherical symmetry. It is clear that the Riemann space with
metric (16) has constant curvature, and it equals 1. By using Killing equation (9), one
can find that the metric (16) has three independent Killing vectors. In this paper, we
want to find a Schwarzschild-like solution in Finsler spacetime. In Finsler geometry, the
counterpart of spherical symmetry is “Finslerian sphere”. In order to represent feature of
most celestial bodies, the “Finslerian sphere” should look like a sphere. In mathematics, it
should topologically equivalent to a sphere. Also, the “Finslerian sphere” should preserve as
much symmetry as it can. The theorem proved in reference [7] tells that the two dimensional
Finsler space has only one independent Killing vector. So does the “Finslerian sphere”. In
Finsler geometry, the generalization of Riemannian sectional curvature is flag curvature. The
constant flag curvature is equivalent to the constant Ricci scalar. Thus, the counterpart of
Riemannian sphere, the “Finslerian sphere” should have constant flag curvature. In the
followings, we present a specific example of “Finslerian sphere”.
Bao et al. [45] have given a completely classification of Randers-Finsler space [44] with
constant flag curvature. A two dimensional Randers-Finsler space with constant positive
flag curvature λ = 1 is given as
FFS =
√
(1− ǫ2 sin2 θ)yθyθ + sin2 θyϕyϕ
1− ǫ2 sin2 θ
−
ǫ sin2 θyϕ
1− ǫ2 sin2 θ
, (17)
where 0 ≤ ǫ < 1. It is obvious that the metric (17) returns to Riemannian sphere while
ǫ = 0. And the metric (17) is non-reversible for ϕ → −ϕ. The Randers-Finsler space (17)
has two close geometrically distinct closed geodesics [46] if ǫ is irrational. The two geodesics
locate at θ = pi
2
with length L± = 2π(1 ± ǫ)
−1. This fact can be proved by plugging the
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metric (17) into the formula of geodesic equation (12). Then, one can find that θ = pi
2
and ϕ = uτ + v (u, v are integral constants) are the solutions of geodesic equation. The
Randers-Finsler space (17) is homotopy equivalent to the two dimensional sphere [46].
In terms of Busemann-Hausdorff volumm form, the volume of a close Randers-Finsler
surface F =
√
aij(x)yiyj + bi(x)y
i is given as [47]
V olF =
∫
(1− (aijbibj))
3
2
√
det(aij)dx
1 ∧ dx2. (18)
Plugging the Randers metric (17) into the formula (18), we obtain that its volume is 4π,
which is the same with unit Riemannian sphere.
III. THE EXACT SOLUTION OF VACUUM FIELD EQUATION
A. Vacuum field equation
In this paper, we introduce the vacuum field equation in the way first discussed by Pirani
[48, 49]. In Newton’s theory of gravity, the equation of motion of a test particle is given as
d2xi
dτ 2
= −ηij
∂φ
∂xi
, (19)
where φ = φ(x) is the gravitational potential and ηij = diag(+1,+1,+1) is the Euclidean
metric. For an infinitesimal transformation xi → xi + ǫξi(|ǫ| ≪ 1), the equation (19)
becomes, to first order of ǫ,
d2xi
dτ 2
+ ǫ
d2ξi
dτ 2
= −ηij
∂φ
∂xi
− ǫηijξk
∂2φ
∂xj∂xk
. (20)
Combining equations (19) and (20), we obtain
d2ξi
dτ 2
= ηijξk
∂2φ
∂xj∂xk
≡ ξkH ik. (21)
For the vacuum field equation, one has H ii = ▽
2φ = 0.
In general relativity, the geodesic deviation gives a similar equation
D2ξµ
Dτ 2
= ξνR˜µν , (22)
where R˜µν = R˜
µ
λ νρ
dxλ
dτ
dxρ
dτ
. Here, R˜ µλ νρ is the Riemannian curvature tensor. D denotes the
covariant derivative along the curve xµ(t). The vacuum field equation in general relativity
gives R˜ λµ λν = 0 [2]. This implies that the tensor R˜
µ
ν is also traceless, R˜ ≡ R˜
µ
µ = 0.
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In Finsler spacetime, the geodesic deviation yields [4]
D2ξµ
Dτ 2
= ξνRµν , (23)
where Rµν = R
µ
λ νρ
dxλ
dτ
dxρ
dτ
. Here, R µλ νρ is Finsler curvature tensor [4], D denotes covariant
derivative Dξ
µ
Dτ
= dξ
µ
dτ
+ξν dx
λ
dτ
Γµνλ(x,
dx
dτ
). Since the vacuum field equations of Newton’s gravity
and general relativity are of similar forms, we may assume that vacuum field equation in
Finsler spacetime faces similar requirements as in the case of Netwon’s gravity and general
relativity. It implies that the tensor Rµν in Finsler geodesic deviation equation should be
traceless, Rµµ = 0. Since the Riemann curvature tensor R
µ
λ νρ does not depend on
dx
dτ
, the
vanish of Rµµ equals to the vanish of R
µ
λ µρ which is just the vacuum field equation in general
relativity.
We have proved that the analogy of the geodesic deviation equation is valid at least in a
Finsler spacetime of Berwald type [50]. We assume that this analogy still holds its validity
in a general Finsler spacetime. In Finsler geometry, there is a geometrical invariant — the
Ricci scalar Ric . It is of the form [4]
Ric ≡ Rµµ =
1
F 2
(
2
∂Gµ
∂xµ
− yλ
∂2Gµ
∂xλ∂yµ
+ 2Gλ
∂2Gµ
∂yλ∂yµ
−
∂Gµ
∂yλ
∂Gλ
∂yµ
)
. (24)
The Ricci scalar depends only on the Finsler structure F and is insensitive to the connection.
For a tangent plane Π ⊂ TxM and a non-zero vector y ∈ TxM , the flag curvature is defined
as
K(Π, y) ≡
gλµR
µ
νu
νuλ
F 2gρθuρuθ − (gσκyσuκ)2
, (25)
where u ∈ Π. The flag curvature is a geometrical invariant and a generalization of the
sectional curvature in Riemannian geometry. The Ricci scalar Ric is the trace of Rµν , which
is the predecessor of flag curvature. Thus the value of Ricci scalar Ric is invariant under
the coordinate transformation.
Furthermore, the significance of the Ricci scalar Ric is very clear. It plays an important
role in the geodesic deviation equation [4, 51, 52]. The vanishing of the Ricci scalar Ric
implies that the geodesic rays are parallel to each other. It means that it is vacuum outside
the gravitational source.
Therefore, it is reasonable to believe that the gravitational vacuum field equation in
Finsler geometry has its essence in Ric = 0. Pfeifer and Wohlfarth [42] have constructed
gravitational dynamics for Finsler spacetime in terms of an action integral on the unit
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tangent bundle. Their results show that the gravitational field equation in Finsler spacetime
is given as
S − 6Ric+ 2gµν
(
∇µSν + SµSν + ∂yµ∇Sν
)
= −4πGT. (26)
The Sµ-terms can be written as Sµ = y
νP λν λµ/F , where P
λ
ν λµ are the coefficients of the cross
basis dx ∧ δy
F
[4]. Accordingly, the energy-momentum tensor can also be divided into two
parts in terms of the basis of dx∧dx and dx∧ δy
F
, respectively. Thus, the Sµ-terms contribute
to the energy-momentum tensor that belong to the basis dx∧ δy
F
. The vacuum field equation
constructed by Pfeifer and Wohlfarth implies that each coefficients of different basis should
vanish respectively. Thus, the stipulation Ric = 0 here is compatible with Pfeifer and
Wohlfarth’s results of gravitational field equation.
B. Vacuum solution
Here, we propose an ansatz that the Finsler structure is of the form
F 2 = B(r)ytyt −A(r)yryr − r2F¯ 2(θ, ϕ, yθ, yϕ). (27)
Then, the Finsler metric can be derived as
gµν = diag(B,−A,−r
2g¯ij), (28)
gµν = diag(B−1,−A−1,−r−2g¯ij), (29)
where g¯ij and its reverse are the metric that derived from F¯ and the index i, j run over
angular coordinate θ, ϕ.
Plugging the Finsler structure (27) into the formula (13), we obtain that
Gt =
B′
2B
ytyr, (30)
Gr =
A′
4A
yryr +
B′
4A
ytyt −
r
2A
F¯ 2, (31)
Gθ =
1
r
yθyr + G¯θ, (32)
Gϕ =
1
r
yϕyr + G¯ϕ, (33)
where the prime denotes the derivative with respect to r, and the G¯ is the geodesic spray
coefficients derived by F¯ . Plugging the geodesic coefficients (30,31,32,33) into the formula
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of Ricci scalar (24), we obtain that
F 2Ric =
[
B′′
2A
−
B′
4A
(
A′
A
+
B′
B
)
+
B′
rA
]
ytyt
+
[
−
B′′
2B
+
B′
4B
(
A′
A
+
B′
B
)
+
A′
rA
]
yryr
+
[
R¯ic−
1
A
+
r
2A
(
A′
A
−
B′
B
)]
F¯ 2 , (34)
where R¯ic denotes the Ricci scalar of Finsler structure F¯ . Since F¯ is independent of yt and
yr, the vanish of Ricci scalar implies that the term in each square bracket of equation (34)
should vanish respectively. These equations are given as
0 =
B′′
2A
−
B′
4A
(
A′
A
+
B′
B
)
+
B′
rA
, (35)
0 = −
B′′
2B
+
B′
4B
(
A′
A
+
B′
B
)
+
A′
rA
, (36)
0 = R¯ic−
1
A
+
r
2A
(
A′
A
−
B′
B
)
. (37)
Noticing that R¯ic is independent of r, thus the equation (37) is satisfied if and only if R¯ic
equals to constant. It means that the two dimensional Finsler space F¯ is a constant flag
curvature space. The flag curvature is a generalization of sectional curvature in Riemann
geometry. Here, we label the constant flag curvature to be λ. Therefore, R¯ic = λ. The equa-
tions (35,36,37) are similar to the Schwarzschild vacuum field equation in general relativity.
The solutions of equations (35,36,37) are given as
B = aλ +
b
r
, (38)
A =
(
λ+
b
ra
)−1
, (39)
where a and b are integral constants.
C. The Newtonian limit
In the above subsection, we have obtained the vacuum field solution in Finsler spacetime.
The integral constants of solutions (38,39) should be determined by specific boundary con-
ditions which is given by physical requirement. Here, we require that the solutions should
return to Newton’s gravity in weak field approximation [2]. In order to compare with New-
ton’s gravity, we only consider the radial motion of particles. Plugging the solutions (38,39)
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into the geodesic coefficients (30,31), and noticing that the velocity of particle dr
dt
is small,
we obtain the geodesic equations
d2t
dτ 2
= 0, (40)
d2r
dτ 2
−
bλ
2r2
(
dt
dτ
)2
= 0. (41)
Combining the geodesic equations (40,41), we obtain that
d2r
dt2
=
bλ
2r2
. (42)
Comparing the equation (42) with Newton’s gravity, we conclude that
bλ = −2GM, (43)
where M denotes the total mass of gravitational source.
D. Boundary conditions
The solution of vacuum field equation Ric = 0 gives specific form of function B(r) and
A(r), and requires the two dimensional subspace F¯ to be a constant curvature space. Two
integral constants a and b and the specific form of subspace F¯ need to be determined by
boundary conditions. These boundary conditions are given by physical requirements. In
subsection C, we get b = −2GM/λ by the Newtonian limit. In the following section, we
will show that the interior solution is consistent with the exterior solution at the boundary
of the gravitational source if a = 1/λ. The value of constant curvature λ can be set to 1 by
redefinition of the curve parameter τ . Now, one boundary condition is left to determine the
specific form of subspace F¯ .
In general relativity, the Schwarzschild metric returns to the Minkowski metric if r →∞.
It means that the spacetime is Minkowski in the absent of gravity. The Finsler spacetime
(27) in the absent of gravity is another physical boundary condition. If r → ∞ or M = 0,
the Finsler spacetime (27) reduces to Minkowski spacetime, then our solution of vacuum
field equation is no other than the Schwarzschild solution. This fact implies that Finsler
geometry is a generation of Riemann geometry and Finslerian gravity involves the physical
contents of general relativity. If r → ∞ or M = 0, the Finsler spacetime (27) violates
Lorentz symmetry, then we get a Finslerian solution of vacuum field equation. For example,
F¯ is of the form FFS (17).
13
IV. INTERIOR SOLUTION
It is well known that the Schwarzschild spacetime has interior solution, which can deduce
the famous Oppenheimer-Volkoff equation. The interior behavior of Finsler spacetime (27)
is worth investigating. However, as we mentioned in the introduction, there are obstructions
in constructing gravitational field equation in Finsler spacetime. In this section, we will show
that there is a self-consistent gravitational field equation in Finsler spacetime (27).
The notion of Ricci tensor in Finsler geometry was first introduced by Akbar-Zadeh[53]
Ricµν =
∂2
(
1
2
F 2Ric
)
∂yµ∂yν
. (44)
And the scalar curvature in Finsler geometry is given as S = gµνRicµν . Here, we define the
modified Einstein tensor in Finsler spacetime
Gµν ≡ Ricµν −
1
2
gµνS. (45)
Plugging the equation of Ricci scalar (34) into the formula (45), and noticing that F¯ is two
dimensional Finsler spacetime with constant flag curvature λ, we obtain
Gtt =
A′
rA2
−
1
r2A
+
λ
r2
, (46)
Grr = −
B′
rAB
−
1
r2A
+
λ
r2
, (47)
Gθθ = G
ϕ
ϕ = −
B′′
2AB
−
B′
2rAB
+
A′
2rA2
+
B′
4AB
(
A′
A
+
B′
B
)
. (48)
Next, we investigate the covariant conserve properties of the tensor Gµν . The covariant
derivative of Gµν in Finsler spacetime is given as [4]
Gµ
ν |µ =
δ
δxµ
Gµν + Γ
µ
µρG
ρ
ν − Γ
ρ
µνG
µ
ρ , (49)
where
δ
δxµ
=
∂
∂xµ
−
∂Gρ
∂yµ
∂
∂yρ
, (50)
and Γµµρ is the Chern connection. Here, we have used ‘|’ to denote the covariant derivative.
The form of covariant derivative (49) and ‘δ’-derivative (50) are well defined such that
they transform as tensor under a coordinate change in Finsler spacetime [4]. The Chern
connection can be expressed in terms of geodesic spray coefficients Gµ and Cartan connection
Aλµν ≡
F
4
∂
∂yλ
∂
∂yµ
∂
∂yν
(F 2)
Γρµν =
∂2Gρ
∂yµ∂yν
−Aρ
µν|κ
yκ
F
. (51)
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Noticing that the modified Einstein tensor Gµν only depend on r and do not have y-
dependence, and Cartan tensor Aρµν = A
i
jk (index i, j, k run over θ, ϕ), one can easily get
that Gµ
t |µ = G
µ
θ |µ = G
µ
ϕ |µ = 0. The proof of G
µ
r |µ = 0 is somewhat subtle. By making use
of the equations (30,32,33), we find from (51) and Aρµν = A
i
jk that
Γtrt =
B′
2B
, Γθrθ = Γ
ϕ
rϕ =
1
r
. (52)
Then, after a tedious calculation, one can check that the equation Gµ
r |µ = 0 indeed satisfy.
Following the sprite of general relativity, we propose that the gravitational field equation in
the given Finsler spacetime (27) should be of the form
Gµν = 8πFGT
µ
ν , (53)
where T µν is the energy-momentum tensor. The volume of Finsler space [47] is generally
different with the one of Riemann geometry. We have used 4πF to denote the volume of F¯
in field equation (53). Boundary condition gives a specific form of subspace F¯ . The volume
of surface of subspace F¯ can identify the value of πF . For example, if we make F¯ to be
the form FFS (17), then πF = π according to discussion of the subsection B in Sec. II.
The proposed form of field equation (53) given here is not inconsistent with properties of
the ansatz (27). The gravitational field equation (53) valid for specific Finsler spacetime
(27). A general field equation valid for arbitrary Finsler spacetime has been proposed by
Pfeifer and Wohlfarth [42] or Vacaru [39]. However, these field equations do not satisfy
requirement of covariant conservation or make the energy-momentum tensor constructed on
tangent bundle.
For simplicity, we set the energy-momentum tensor to be of the form
T µν = diag(ρ(r),−p(r),−p(r),−p(r)), (54)
where ρ(r) and p(r) are the energy density and pressure of the gravitational source, re-
spectively. Then, by making use of equations (46,47,48), we reduce the gravitational field
equation to three independent equations
2p′
ρ+ p
= −
B′
B
, (55)
A′
rA2
−
1
r2A
+
λ
r2
= 8πFGρ, (56)
B′
rAB
+
1
r2A
−
λ
r2
= 8πFGp. (57)
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The solution of equation (56) is given as
A−1 = λ−
2Gm(r)
r
, (58)
where m(r) ≡
∫ r
0
4πFx
2ρ(x)dx. By making use of equation (58), and plugging the equation
(57) into (55), we obtain that
− r2p′ = (ρ+ p)(4πFGpr
3 +Gm)
(
λ−
2Gm
r
)−1
. (59)
The equation (59) reduces to the famous Oppenheimer-Volkoff equation if Finsler spacetime
F¯ reduces to two dimensional Riemann sphere. Combining the modified Oppenheimer-
Volkoff equation (59) with the equation of state, one can obtain the interior structure of
gravitational source.
The interior solution (58) should consistent with the exterior solution (39) at the bound-
ary of the gravitational source. Therefore, we get
aλ = 1. (60)
At last, combining the boundary condition (60) with the requirement of Newtonian limit
(43), we get the exterior solution B(r) and A(r) as
B(r) = 1−
2GM
λr
, (61)
A(r) =
(
λ−
2GM
r
)−1
. (62)
V. EXPERIMENTAL CONSTRAINT ON FINSLERIAN GRAVITY
A. The motion of particles
Plugging the equations of geodesic spray coefficients (30,31,32,33) into the formula of
geodesic equation (12), we obtain the geodesic equation of Finsler spacetime (27)
0 =
d2t
dτ 2
+
B′
B
dr
dτ
dt
dτ
, (63)
0 =
d2r
dτ 2
+
B′
2A
(
dt
dτ
)2
+
A′
2A
(
dr
dτ
)2
−
r
A
F¯ 2
(
dθ
dτ
,
dϕ
dτ
)
, (64)
0 =
d2θ
dτ 2
+
2
r
dr
dτ
dθ
dτ
+ 2G¯θ, (65)
0 =
d2ϕ
dτ 2
+
2
r
dr
dτ
dϕ
dτ
+ 2G¯ϕ. (66)
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The solution of equation (63) is
B
dt
dτ
= 1, (67)
where we have set the integral constant to be 1 by the normalization of τ . Noticing that yµ
equals to dx
µ
dτ
along the geodesic, and by making use of the equations (65,66), we find that
dF¯
dτ
=
∂F¯
∂xi
dxi
dτ
+
∂F¯
∂yi
dyi
dτ
= yi
(
∂F¯
∂xi
−
2G¯i
F¯
)
− 2yrF¯ = −F¯
d ln r2
dτ
, (68)
where G¯i = g¯ijG¯
j (i, j run over θ, ϕ), and we have used the fact that F¯ is a homogenous
function of y of degree 1 to derive the third equation of (68). The solution of equations (68)
is given as
r2F¯ = J, (69)
where J is an integral constant. By making use of the equations (67,69), we find from
geodesic equation (64) that
d
dτ
(
A
(
dr
dτ
)2
+
J2
r2
−
1
B
)
= 0. (70)
The solution of (70) is given as
A
(
dr
dτ
)2
+
J2
r2
−
1
B
= A
(
dr
dτ
)2
+ r2F¯ 2 −B
(
dt
dτ
)2
= −F 2, (71)
where we have used the equations (67,69) to derive the second equation of (71). The equation
(71) means that F is constant along the geodesic.
Now, we have three solutions (67,69,71) of the geodesic equations, the fourth one depends
on the explicit form of two dimension Finsler space F¯ . However, we can still find some
information of particle motion from the obtained solutions. Consider a particle move along
radial direction, combining the equation (67) with (69), and by making use of the exterior
solutions (61,62) of B(r) and A(r), we obtain that
dr
dt
=
√
λ−1 − F 2
(
1−
2GM
λr
)(
1−
2GM
λr
)
. (72)
It is obvious from (72) that dr
dt
→ 0 while r → 2GM/λ. The modified Schwarzschild radius
in Finsler spacetime (27) is
rs =
2GM
λ
. (73)
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B. Classical tests
The predictions of general relativity have been proved by four classical tests [2]. If our
spacetime is Finslerian, then it is necessary to test the validity of Finslerian gravity. In this
subsection, our discussion are based on the following Finsler structure
F 2 =
(
1−
2GM
r
)
ytyt −
(
1−
2GM
r
)−1
yryr − r2F 2FS, (74)
where the “Finslerian sphere” FFS is of the form (17). The difference between Finslerian
solution (74) and Schwarzschild solution lies on the “Finslerian sphere” FFS. Two of four
classical tests, namely, Radar echo delay and gravitational redshift relate to the radial motion
of particle. One can also find from equation (72) that dr
dt
is the same with one in Schwarzschild
spacetime while λ = 1.
It is expected that the motion of particle in a bounded and unbounded orbit in Finsler
spacetime is different from one in Schwarzschild spacetime. Since the “Finslerian sphere”
is non-reversible for ϕ → −ϕ, it implies that particle moves along a given direction (ϕ) is
different from its counter (−ϕ) in orbital motion. It is convenient to consider the orbit of
particle confined to the equatorial plane θ = π/2. Then, by making use of the metric of
“Finslerian sphere” (17), the equation (69) simplifies as
r2
dϕ
dτ
= J±, (75)
where J± ≡ (1± ǫ)J , J+ corresponds to a given direction and J− corresponds to its counter.
Plugging the equation (75) into the solution of geodesic equation (71), we get the equation
for orbital motion
(1± ǫ)2
(
dr
dϕ
)2
=
r4
J2
−
(
1−
2GM
r
)(
F 2r4
J2
+ r2
)
. (76)
One should notice that F is constant. By reparameterizing curve parameter τ , one can
set F equals 1 and 0 for massive and massless particles, respectively. The solution of the
orbital equation (76) gives deflection angle and precession of the orbit per revolution for
unbounded and bounded orbit, respectively. Noticing that the orbital equation is the same
with one in Schwarzschild spacetime if we transform (1 ± ǫ)ϕ into ϕ. Thus, recalling the
results in Schwarzschild spacetime, in Finsler spacetime (74), we obtain the deflection angle
for gravitational deflection of light,
δα = (1± ǫ)
4GM
ξ
, (77)
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where ξ is the distance of closest approach. And the precession of the orbit per revolution
is given as
δϕ = (1± ǫ)6π
GM
L
, (78)
where L is semi-latus rectum of the orbit.
The observations of very-long-baseline radio interferometry [54, 55] give constraint on the
gravitational deflection of light in solar system. Its results yield a constraint on Finslerian
parameter ǫ. It is given as ǫ ∼ 2 × 10−4. The observations of perihelion shift of Mercury
[55] also give constraint on Finslerian parameter ǫ. Its results yield ǫ < 3 × 10−3. The
recent Michelson-Morley experiment carried through by Mu¨ller et al. [56] gives a precise
limit on Lorentz invariance violation. Their experiment shows that the change of resonance
frequencies of the optical resonators is of this magnitude | δω
ω
| ∼ 10−16. This implies the
Finslerian parameter ǫ should less than 10−16.
VI. COUNTERPART OF BIRKHOFF’S THEOREM
In general relativity, the Birkhoff’s theorem guarantees that the solution of vacuum field
equation with spherical symmetry must be static. It means that its exterior solution must
be Schwarzschild metric regardless of the evolution of gravitational source. It is necessary to
investigate such issue in Finsler spacetime. In Riemann geometry, the spherical symmetry
can be represented by a Riemannian sphere. Its metric is of the form (16). The counter-
part of Riemannian sphere in Finsler geometry is “Finslerian sphere” (17). In the above
discussion, we gave a static solution of Finslerian vacuum field equation with the symmetry
of “Finslerian sphere”. Now, we turn to investigate time-dependent Finsler spacetime with
the symmetry of “Finslerian sphere”. Its Finsler structure is given as
F 2 = B(r, t)ytyt −A(r, t)yryr − r2F 2FS. (79)
Plugging the Finsler structure (79) into the formula (13), we obtain that
Gt =
B′
2B
ytyr +
B˙
4B
ytyt +
A˙
4B
yryr, (80)
Gr =
A′
4A
yryr +
B′
4A
ytyt −
r
2A
F 2FS +
A˙
2A
ytyr, (81)
Gθ =
1
r
yθyr +GθFS, (82)
Gϕ =
1
r
yϕyr +GϕFS, (83)
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where the dot denotes the derivative with respect to t, and the G¯ is the geodesic spray
coefficients derived by FFS. Plugging the geodesic coefficients (80,81,82,83) into the formula
of Ricci scalar (24), we obtain
F 2Ric =
[
B′′
2A
−
B′
4A
(
A′
A
+
B′
B
)
+
B′
rA
−
A¨
2A
+
A˙2
4A2
+
A˙B˙
4AB
]
ytyt
+
[
−
B′′
2B
+
B′
4B
(
A′
A
+
B′
B
)
+
A′
rA
+
A¨
2B
−
A˙B˙
4B2
−
A˙2
4AB
]
yryr
+
2A˙
rA
ytyr +
[
1−
1
A
+
r
2A
(
A′
A
−
B′
B
)]
F 2FS . (84)
The vacuum field equation Ric = 0 means that 2A˙
rA
= 0. It tells us that A is time-independent.
This fact shows that all time derivatives drop out of the equation (84), and it becomes
identical with the one in static case. Following the discussion for static case, we obtain that
B = f(t)
(
1−
2GM
r
)
, (85)
A =
(
1−
2GM
r
)−1
. (86)
The function f(t) can be made to equal 1 by defining a new time coordinate
t′ =
∫ t√
f(t)dt. (87)
Now, the Finsler structure (79) is entirely time-independent and identical with the static
solution (74). Thus, the counterpart of the Birkhoff’s theorem exists in Finslerian gravity.
Unlike the requirement of spherical symmetry in general relativity, it shows that the Finsle-
rian gravitational field with the symmetry of “Finslerian sphere” in vacuum must be static,
and its metric is of the form (74).
VII. CONCLUSIONS AND REMARKS
In view of geodesic deviation equation, the vacuum field equation Ric = 0 in Finsler
spacetime implies that the geodesic rays are parallel to each other. The geometric invariant
property of Ricci scalar implies that the vacuum field equation is insensitive to the con-
nection, which is an essential physical requirement. Starting from the ansatz (27), we have
found an exact solution of vacuum field equation (38,39).
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A general gravitational field equation in Finsler spacetime is still to be completed. How-
ever, we have found that the proposed form of field equation (53) given here is not inconsis-
tent with properties of the ansatz (27). And, we have proved that the Finslerian covariant
derivative of the geometrical part of the gravitational field equation is conserved. It is obvi-
ous that the gravitational field equation (53) returns to the vacuum field equation while the
energy-momentum tensor vanishes. We have found an interior solution of the gravitational
field equation (53). The interior solution (58) consistent with the exterior solution (39) at
the boundary of the gravitational source. And we required that the exterior solution should
return to Newton’s gravity. The two boundary conditions constrain that the exterior solu-
tion should be the form as (61,62). One should notice that Schwarzschild metric is also a
solution of Ric = 0. There is a boundary condition which distinguish Finslerian solution
from Schwarzschild solution. It is violation of Lorentz symmetry while the Finsler space-
time (27) has no gravitational source M = 0. For example, we make subspace F¯ to be a
“Finslerian sphere” FFS. Then, the exterior metric of vacuum field solution was given as
F 2 =
(
1−
2GM
r
)
ytyt −
(
1−
2GM
r
)−1
yryr
− r2
(√
(1− ǫ2 sin2 θ)yθyθ + sin2 θyϕyϕ − ǫ sin2 θyϕ
1− ǫ2 sin2 θ
)2
. (88)
The metric (88) is no other than the Schwarzschild metric except for the change from
Riemannian sphere to “Finslerian sphere” (17). We have presented three solutions (67,69,71)
of geodesic equations of the metric (88). The fourth one depends on the geodesic equation
of the “Finslerian sphere” (17). The geometrical properties of ‘Finslerian sphere” (17) are
as follows. It is non-reversible for ϕ → −ϕ, it has two close geodesics locate at θ = pi
2
with
length L± = 2π(1 ± ǫ)
−1, its volume that is the surface volume of unit “Finslerian sphere”
equals to 4π, it only have one independent Killing vector V ϕ = constant.
We have investigated the motion of particles in Finsler spacetime (27). The solution
of geodesic equations are shown. Taking Finsler spacetime (74) as a example, we have
shown the experimental constraint on Finslerian parameter ǫ. In solar system, the celestial
observations require ǫ < 10−4. And, the recent Michelson-Morley experiment requires ǫ <
10−16. It is expected that Finslerian spacetime may have unignorable effect in cosmological
scale. In general relativity, as a special case of gravitational lensing, Einstein ring has
a symmetric structure. However, if the spacetime is Finslerian, then one may observed
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Einstein ring with asymmetric structure.
The counterpart of Birkhoff’s theorem exist in Finslerian vacuum. It shows that the
Finslerian gravitational field with the symmetry of “Finslerian sphere” in vacuum must be
static, and its metric is of the form (74).
The Schwarzschild spacetime will return to Minkowski spacetime if there is no gravi-
tational source. As for the Finslerian vacuum spacetime (88), if there is no gravitational
source, namely, M = 0, the metric reduces to
F 2 = ytyt − yryr − r2
(√
(1− ǫ2 sin2 θ)yθyθ + sin2 θyϕyϕ − ǫ sin2 θyϕ
1− ǫ2 sin2 θ
)2
. (89)
According to the formula (34), the Ricci scalar or Ricci tensor of the metric (89) equal to 0.
This fact holds even for three dimensional subspace of the metric (89). However, the metric
(89) or its spatial part is not a flat Finsler spacetime. The Finsler spacetime is a flat one
[4] if and only if Ric = 0 and the geodesic spray coefficients Gµ is quadratic in y. This fact
is quite different with Riemann geometry. It is well known that three dimensional Riemann
space is flat while its Ricci tensor equal to 0. Nevertheless, even the space part of the metric
(89) is not a flat Finsler space.
In Riemann spacetime without torsion, at any fixed point, one can erect a local coordinate
system such that the metric is Minkowskian. One necessary condition of this statement
is the Riemann metric is quadric. However, this necessary condition does not hold in a
general Finsler metric. Therefore, Finsler spacetime is not locally isometric to a Minkowski
spacetime. One deduction of it is the speed of light is not locally isotropic. The propagation
of light obeys F = 0. One can find from the local metric that the radial speed of light equals
to 1. And the non-radial speed of light satisfy
c2θ + (cϕ − ǫ sin θ)
2 = 1, (90)
where cθ ≡
dθ
dt
and cϕ ≡
dϕ
dt
sin θ.
The Schwarzschild radius form an event horizon in Schwarzschild spacetime. The
Schwarzschild solution can be maximally extended by Kruskal extension. The coordinate
transformation between Schwarzschild metric and Kruskal metric is only related to r and
t. Therefore, one can also get a maximally extended Finslerian vacuum solution (88) by
Kruskal’s method.
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